New concepts of generalized ρ, θ -η invex functions for non-differentiable functions and generalized ρ, θ -η invariant monotone operators for set-valued mappings are introduced. The relationships between generalized ρ, θ -η invexity of functions and generalized ρ, θ -η invariant monotonicity of the corresponding Clarke's subdifferentials are studied. Some of our results are extension and improvement of some results obtained in Jabarootion and Zafarani 2006 ; Behera et al. 2008 . 2 Journal of Inequalities and Applications increasing interest in the study of monotonicity and generalized monotonicity and their relationships to convexity and generalized convexity. Ruiz-Garzón et al. 2003 4 introduced strongly invex and strongly pseudoinvex functions in R n and gave the sufficient conditions for strictly, strongly invex monotonicity, strictly pseudoinvex monotonicity, and quasiinvex monotonicity. Moreover, in 4 the necessary conditions for strictly pseudoinvex monotonicity and pseudoinvex monotonicity were obtained. The necessary conditions for strongly pseudoinvex monotonicity were given by Yang et al. 2005 5 . The results on generalized invexity and generalized invex monotonicity obtained in 4-6 are studied in n-dimensional Euclidean space. Several generalizations in real Banach space have been developed for generalized invexity and generalized invex monotonicity. Recently, Fan et al. 2003 7 have studied the relationships between strict, strong convexity, pseudoconvexity, and quasiconvexity of functions and strict, strong monotonicity, pseudomonotonicity, and quasimonotonicity of its Clarke's generalized subdifferential mapping, respectively. Jabarootian and Zafarani 2006 8 generalized convexity to invexity and obtained the relationships between several kinds of generalized invexity of functions and generalized invariant monotonicity of its Clarke's generalized subdifferential mapping.
Introduction
Convexity plays a central role in mathematical economics, engineering, management sciences, and optimization. In recent years several extensions and generalizations have been developed for classical convexity. An important generalization of convex functions is invex functions introduced by Hanson 1981 1 . He has shown that the Kuhn-Tuker conditions are sufficient for optimality of nonlinear programming problems under invexity conditions. Kaul and Kaur 1985 2 presented the conpects of pseudoinvex and quasiinvex functions and investigated their applications in nonlinear programming. A concept closely related to the convexity of function is the monotonicity of function; it is worth noting that monotonicity plays a very important role in the study of the existence and sensitivity analysis of solutions for variational inequality problems. An important breakthrough was given by Karamardian and Schaible 1990 3 . They have proved that the generalized convexity of the function f is equivalent to the generalized monotonicity of its gradient function ∇f. Motivated by the work of Karamardian and Schaible 1990 , there has been
ρ, θ -η Invariant Monotonicity and ρ, θ -η Invexity
Let K be nonempty subset of X and let η and θ be two vector-valued functions from K × K to X and ρ ∈ R. 
then, by Definition 4.4, f is strictly ρ, θ -η pseudoinvex function with respect to η and θ on K.
Thus, we must conclude that the following implication holds
that is, the "strict inequality" for strictly ρ, θ -η quasi-invex functions in Definition 4.2 means 4.7 .
Definition 4.6 see 9, Definition 3.1 . A function f : K → X * is said to be ρ, θ -η invariant quasimonotone strictly with respect to η and θ on K if for any x, y ∈ K with x / y, we have
The following Theorem is due to Behera et al. in 9 .
Theorem A see 9, Theorem 3.2 . Let K be an invex set with respect to η, and let f : K → R be Fréchet differentiable on K. If f is strictly ρ, θ -η quasi-invex with respect to η and θ on K, then ∇f is a strictly ρ, θ -η invariant quasimonotone function with respect to the same η and θ on K. Furthermore, ∇f is ρ, θ -η invariant quasimonotone. Hence, Example 4.9 also illustrates that ρ, θ -η invariant quasimonotone is not necessarily strictly ρ, θ -η invariant quasimonotone or ρ, θ -η invariant pseudomonotone.
In 9 , sufficient conditions for ρ, θ -η invariant quasimonotone for Fréchet differentiable functions were given. However, necessary conditions have been missing. In what follows, we will give the necessary conditions for ρ, θ -η invariant quasimonotonity and study the relationship between ρ, θ -η invariant quasimonotonicity and ρ, θ -η quasiinvexity. Therefore, ∂ c f is a ρ, θ -η invariant quasimonotone mapping with respect to the same η and θ on K.
Condition C see 12 . Let η : X × X → X. Then, for any x, y ∈ K and for any λ ∈ 0, 1 , If ∂ c f is an invariant pseudomonotone mapping with respect to η on K, then f is a pseudoinvex function with respect to the same η on K.
Similar to proof for Theorems 5.4 and 5.6, we can obtain the following two theorems. 2 η and θ are affine in the first argument and skew;
3 for any x, y ∈ K and f x ≤ f y , there exists λ ∈ 0, 1 such that f λx 1 − λ y < f y .
5.21
Then, ∂ c f is a ρ, θ -η invariant pseudomonotone mapping with respect to the same η and θ on K. 1 ∂ c f is a ρ, θ -η invariant pseudomonotone mapping with respect to η and θ on K;
2 η and θ are affine in the first argument and skew;
3 for each x, y ∈ K and f x < f y , there exist λ ∈ 0, 1 , ω ∈ ∂ c f x , where x λx 1 − λ y such that ω, η y, x ρ θ y, x > 0.
5.22
Then, f is a ρ, θ -η pseudoinvex function with respect to the same η and θ on K.
Strongly ρ, θ -η Invariant Pseudomonotonicity and Strongly ρ, θ -η Pseudoinvexity
In this section, we introduce the concepts of strongly ρ, θ -η invariant pseudomonotonicity and strongly ρ, θ -η pseudoinvexity. We will give a necessary condition for strongly ρ, θ -η invariant pseudomonotonicity. Definition 6.1. Let K be a nonempty subset of X. Then, T : K → 2 X * is said to be strongly ρ, θ -η invariant pseudomonotone on K with respect to η and θ if there exists a constant β > 0, such that for any x, y ∈ K and any u ∈ T x , v ∈ T y , one has u, η y, x ρ θ y, x ≥ 0 ⇒ v, η x, y ρ θ x, y ≤ −β η y, x . 6.1
